We study by direct numerical simulations the effects of Schmidt number ͑Sc͒ on passive scalars mixed by forced isotropic and homogeneous turbulence. The scalar field is maintained statistically stationary by a uniform mean gradient. We consider the scaling of spectra, structure functions, local isotropy and intermittency. For moderately diffusive scalars with Scϭ1/8 and 1, the Taylor-scale Reynolds number of the flow is either 140 or 240. A modest inertial-convective range is obtained in the spectrum, with a one-dimensional Obukhov-Corrsin constant of about 0.4, consistent with experimental data. However, the presence of a spectral bump makes a firm assessment somewhat difficult. The viscous-diffusive range is universal when scaled by Obukhov-Corrsin variables. In a second set of simulations we keep the Taylor-microscale Reynolds number fixed at 38 but vary Sc from 1/4 to 64 ͑a range of over two decades͒, roughly by factors of 2. We observe a gradual evolution of a Ϫ1 roll-off in the viscous-convective region as Sc increases, consistent with Batchelor's predictions. In the viscous-diffusive range the spectra follow Kraichnan's form well, with a coefficient that depends weakly on Sc. The breakdown of local isotropy manifests itself through differences between structure functions with separation distances in directions parallel and perpendicular to the mean scalar gradient, as well as via finite values of odd-order moments of scalar gradient fluctuations and of mixed velocity-scalar gradient correlations. However, all these indicators show, to varying degrees, an increasing tendency to isotropy with increasing Sc. The moments of scalar gradients and the scalar dissipation rate peak at ScϷ4. The intermittency exponent for the scale-range between the Kolmogorov and Batchelor scales is found to decrease with Sc, suggesting qualitative consistency with previous dye experiments in water ͓ScϭO(1000)͔.
I. INTRODUCTION
The properties of small-scale turbulence are of interest for a number of reasons ͑see, e.g., Refs. 1-3͒. For passive scalars, the small-scale structure is influenced, besides the Reynolds number, by the Schmidt number, Scϵv/D, where v is the kinematic viscosity of the fluid and D is the molecular diffusivity of the scalar. Because Sc can vary widely in applications ͑from order 10 Ϫ3 in liquid metals to order unity in gaseous flames to thousands and higher in organic mixtures and biological fluids͒, an understanding of its influence is important. This understanding is currently limited. This paper attempts to remedy the situation to some degree, with emphasis on Sc of order unity and higher. The background turbulence is stationary, homogeneous, and isotropic, and the scalar is maintained by a uniform mean gradient. We use direct numerical simulations ͑DNS͒ and consider spectra, structure functions, local isotropy and intermittency.
Regarding spectra, a well-known result for ScϷ1 is that based on classical extensions of Kolmogorov's arguments 4 by Obukhov 5 and Corrsin: 6 A k Ϫ5/3 roll-off rate ͑where k is the wavenumber͒ in the so-called inertial-convective range at sufficiently high Reynolds numbers, and a viscous-diffusive range that is similar to the dissipative region for the velocity but parameterized by Sc ͑see Ref. 1͒ . For scalars with Sc ӷ1, the spectral forms proposed by both Batchelor 7 and Kraichnan 8 include an in-between k Ϫ1 range. In experiments, the Ϫ5/3 region ͑with possible intermittency corrections͒ has been observed quite often; for recent summaries, see Sreenivasan 9 and Mydlarski and Warhaft. 10 On the other hand, available evidence on the k Ϫ1 range is mixed: Gibson and Schwarz 11 and Prasad and Sreenivasan 12 favor its existence but Miller and Dimotakis 13 and Williams et al. 14 do not. Numerical experiments by Holzer and Siggia, 15 although based on two-dimensional synthetic velocity fields, do appear to support Batchelor scaling of the scalar spectrum.
Structure functions of different orders have been studied by a number of investigators ͑see, for example, Antonia et al., 16 Meneveau et al., 17 Moisy et al., 18 Skrbek et al., 19 each of which emphasizes different aspects related to this same issue͒, but there is a lack of data on Schmidt number dependence. In particular, the velocity-scalar mixed structure function of third-order, for which an exact asymptotic result at intermediate scales is known from Yaglom, 20 has not been studied in detail.
The concept of local isotropy for small-scale turbulence is well known. Recent reviews ͑e.g., Sreenivasan, 21 
Warhaft

22
͒ have emphasized that passive scalars show firstorder deviations from it when a mean gradient is present. However, most of the data that form the basis of the conclusion are for ScϭO (1) . It is reasonable to speculate that, when Scӷ1, the separation between the Kolmogorov scale ͑͒ and the Batchelor scale ( B ,ϵSc
) plays an important role, and that the scalar fluctuations may be more nearly isotropic at higher Sc.
An important property of high-Reynolds-number turbulence is intermittency, in the form of short-lived or localized bursts of intense fluctuations often associated with the small scales. Numerous studies based on both experimental and numerical work ͑e.g., Refs. 3, 21-24͒ have shown that the passive scalar is more intermittent than the velocity. An important issue is the nature of this behavior for Scӷ1. Some experimental data ͑e.g., Sreenivasan and Prasad 25 ͒ have suggested a lack of intermittency in the Batchelor range between and B .
The challenge in studying these problems for Scӷ1 is the need to resolve scalar fluctuations at the smallest scales. In order to compute them without losing accuracy, progressively finer grids must be employed and the Reynolds number has to be held at moderately low values. This may seem discouraging. However, Batchelor scaling relies essentially on the scale separation between and B and does not involve the large scales. Limitations on the Reynolds number are thus less crucial. While DNS has been used in the past to study mixing for ScϾ1, with the exception of some new data at Scϭ144 by Brethouwer et al., 26 it is mostly limited 27, 28 to ScϽ10. Further, these previous studies have not provided the data that we shall report here.
We use data from a series of direct numerical simulations with a uniform mean scalar gradient, with the Schmidt number varied systematically from 1/4 to 64. This range is thought to be wide enough to detect trends with Sc. The simulation conditions are summarized in Sec. II. Results on the scalar spectrum and structure functions are presented in Sec. III. In Sec. IV we examine the issue of local isotropy, mainly in terms of derivative statistics in directions parallel or perpendicular to the mean scalar gradient. In Sec. V we consider the characterization of intermittency. Conclusions are summarized in Sec. VI.
II. NUMERICAL SIMULATION PARAMETERS
Our numerical simulations were performed using a version of the Fourier pseudo-spectral algorithm of Rogallo, 29 which has been adapted for use on massively parallel computers. We focus on the behavior of passive scalar fluctuations, , evolving in forced isotropic turbulence in the presence of a uniform mean scalar gradient, ٌ⌽. The governing equation is
The presence of the mean gradient, which is taken to be ٌ⌽ϭ(G,0,0) in a Cartesian coordinate system, means that at least some of the statistics of the scalar field may be anisotropic. The velocity and scalar fields are statistically stationary in time, although substantial temporal variations of space-averaged statistics such as turbulence kinetic energy, K, can occur ͑e.g., Overholt and Pope
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͒. Stationarity allows data taken at different times to be used as multiple realizations for the purpose of ensemble averaging. Data sets for post-processing analysis are usually saved at intervals on the order of one eddy-turnover time (T e , the ratio of longitudinal integral length scale to r.m.s. velocity͒.
Several major simulation parameters are summarized in Table I . The simulations are in two groups. In the first of these, the Schmidt number is varied from 1/4 to 64 while the Taylor-scale Reynolds number (R ) is kept constant at 38. The resolution criterion applicable for ScϾ1 is that the parameter k max B ͑where k max ϭ&N/3 is the highest wavenumber resolved on an N 3 grid͒ should be at least 1.5. This criterion is met by a 256 3 run with three scalars at Scϭ4, 8, 16 , and a 512 3 run with Scϭ16, 32, 64. Comparisons between Scϭ16 data simulated on 256 3 and 512 3 grids serve as a check on the effects of finite numerical resolution. In the second set of simulations we address Reynolds number effects for Scр1. The highest two Reynolds numbers (R Ϸ140 and 240͒ are sufficient to yield a well-defined, though limited, inertial range in the energy spectrum ͑Yeung and Zhou 30 ͒. To help ensure adequate sampling we have taken data from DNS spanning a time period on the order 10 eddyturnover times.
In Table I it can be seen that, for fixed velocity parameters, as Sc increases the variance ͗ 2 ͘ of the scalar in- creases steadily, while its dissipation rate, ͗͘, remains nearly constant. ͑The behavior of ͗͘ is discussed in detail in a separate paper.
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͒ When the scalar field is statistically stationary, balance between the production of scalar variance due to the mean gradient and dissipation by molecular action requires that
where the primes denote root-mean-square fluctuations, and u is the velocity-scalar correlation coefficient. The value of u is of order Ϫ0.5 for ScϭO (1) , and its magnitude decreases as Sc increases. Table I also gives the ratio of the mechanical time scale to the scalar time scale, r ϭ(K/͗⑀͘)/(͗ 2 ͘/͗͘), where ͗⑀͘ is the energy dissipation rate. The ratio r is an important parameter in many studies of turbulent mixing ͑e.g., Warhaft and Lumley, 32 Eswaran and Pope 33 ͒. In simplified mixing models r is often ͑see Pope 34 ͒ set to be 2.0. However, as reported separately elsewhere, 35 Table I shows that r decreases with both Reynolds number and Schmidt number, becoming systematically below 1.0 for higher Sc; thus, in general ͑e.g., Fox 36 ͒, the Schmidt number dependence of r must be incorporated in modeling.
The Schmidt number dependence seen in Table I is in contrast to the observation in studies of differential diffusion of scalars of different molecular diffusivities ͑e.g., Yeung and Pope 37 ͒ where the large scales are found to be almost independent of Schmidt number. However, at a finite Reynolds number the small scales do have non-negligible contributions to quantities like u and r . In particular, as Schmidt number increases, the scalar variance increases slightly since weaker diffusivity allows scalar fluctuations to become locally more intense; yet scalar dissipation is almost constant. This effect softens at higher Reynolds number, when the large scales make more dominant contributions to scalar variance, and when blobs of high scalar concentration are more readily broken up by the effects of turbulent advection.
III. SPECTRUM AND STRUCTURE FUNCTIONS
A. Moderately diffusive scalars
For scalars with Scр1, effects of molecular diffusion are dominant for scales smaller than the Obukhov-Corrsin
. The usual high-Reynoldsnumber arguments yield an inertial-convective range of wavenumbers 1/LӶkӶ1/ OC р1/ ͑where L is an integral length scale of the flow͒ in which the spectrum has the form
.
͑3͒
Here C * is the Obukhov-Corrsin constant. To compare our data with Eq. ͑3͒, we plot in Fig. 1 the ''compensated'' threedimensional spectrum corresponding to the suggested scaling, for scalars with Scϭ1/8 and 1, at three different Reynolds numbers. At higher R a narrow flat region is seen to develop, extending towards the lower wavenumbers ͑for R Ϸ240, centered around kϷ0.03). For Scϭ1 we also observe a spectral ''bump'' which is most pronounced at around kϷ0.2, independent of the Reynolds number. Reynolds number similarity for high wavenumbers is also reflected by the ''collapse'' at high wavenumbers for different R but fixed Sc. On the other hand, a similar collapse occurs at low wavenumbers for different Sc but fixed R . The latter feature is consistent with other results showing that the effects of differential diffusion are primarily found in small scales. [37] [38] [39] Although it is straightforward to compute in DNS the spectrum in Eq. ͑3͒ as a function of wavenumber magnitude in three-dimensional space, experiments usually measure only the one-dimensional version E 1 (k). In particular, if isotropy were valid, we have
This relation implies that the Obukhov-Corrsin constant C * in the three-dimensional spectrum should be 5/3 of C , the latter being the one-dimensional constant. It follows that the experimental value 9 of C Ϸ0.4 corresponds to C * ϭ0.4(5/3)ϭ0.67. A test of isotropy for the spectra can be made by taking the ratio of both sides in Eq. ͑4͒; this ratio is very close to unity except in the two lowest wavenumber shells, which correspond to the largest scales for which only a limited number of samples exist in the computational domain. Figure 2 shows the one-dimensional compensated spectrum, for scalars with Scϭ1/8 and 1 at R Ϸ240. We have taken an average over three coordinate directions. To infer C accurately we have used a linear scale for the ordinate and included a dashed line corresponding to the experimental value in Ref. 9 . Although the range is narrow, there is some evidence for scaling with the right value of the ObukhovCorrsin constant. The spectral bump ͑for Scϭ1) is quite conspicuous. The bump occurs within about the same range Fig. 2 ; the authors considered the apparent Obukhov-Corrsin constant in their data to be in broad agreement with the estimates by Sreenivasan. 9 A distinct bump is also seen in the one-dimensional longitudinal energy spectrum obtained from DNS.
As we shall see ͑Fig. 6, Sec. III B͒, this bump is a precursor to the Ϫ1 part of the spectral density that becomes more and more pronounced as Sc increases. Even a nascent presence of this feature at Scϭ1 affects the Ϫ5/3 scaling range: Without the bump it is likely that one would see a more extensive stretch of the Ϫ5/3 scaling. This effect is particularly striking in the second-order structure function, which is the spatial equivalent of the one-dimensional spectrum. The classical result for spatial separations in the range р OC ӶrӶL is given by
where, as shown in Ref. 1, C 2 ϭ4.02C . In our flow configuration we may distinguish between two-point differences in directions parallel and perpendicular to the mean gradient, as ⌬ ʈ (r) and ⌬ Ќ (r). However, because isotropy at the intermediate scales is implied in Eq. ͑5͒, it is appropriate to make comparisons using DNS data averaged over r taken in three different coordinate directions. Figure 3 shows the component-averaged structure function ͗(⌬ r ) 2 ͘ normalized by the Obukhov-Corrsin variables as suggested in Eq. ͑5͒. It can be seen that, as the Reynolds number increases, results for Scϭ1 show a tendency towards a flat scaling region ͑although, of course, a similar observation from data at yet higher Reynolds numbers not currently available would be even more convincing͒. The apparent scaling constant suggested by the data is higher than 1.61 ͑corresponding to C Ϸ0.4 in Ref. 9͒ for Scϭ1, but lower for Scϭ1/8. In other words, in contrast to the behavior observed in the spectrum, the apparent scaling constant in structure functions shows a significant dependence on Schmidt number. We think that this is an artifact of the spectral bump which succeeds in masking the limited scaling region in the Fourier-transformed version. In support of this inference, we note that this apparent dependence on the Schmidt number weakens with increasing Reynolds number. The limiting behaviors in Fig. 3 for small and large scale separation are both amenable to analysis, and can be used as checks on the quality of the data. In the limit of small r ͑i.e., rӶ OC ), Taylor series arguments imply that ͗(⌬ r ) 2 ͘ grows like r 2 , so that the normalized structure function shown in the figure behaves as
͑6͒
This is indicated by a dotted line. Its perfect agreement with the data ͑at small r͒ indicates that the small scales are adequately resolved. For large r, as values of at two points far apart in space become statistically independent, ͗(⌬ r ) 2 ͘ is expected to approach a constant value equal to 2͗ 2 ͘.
Asymptotic constancy of the structure function at larger r is illustrated in the inset, which shows that the ratio ing result for the normalized form in the main body of this figure is that it should decrease as r Ϫ2/3 . Indeed by using the time scale ratio (K/͗⑀͘)/ Ϸ( 3 2 ͱ15)R we can show that the large-separation asymptote is
where r is the mechanical-to-scalar time scale ratio ͑see Table I , and end of Sec. II͒. Use of periodic boundary conditions on the computational domain implies that it is meaningful to compute structure functions only for r up to half of the length L 0 of each side of the domain. However, because of finite domain size ͑with L 0 only about six times of the integral length scale of the scalar field-which is 40% longer in the direction of the mean scalar gradient͒, the rate of approach to the large-r asymptote is somewhat distorted. The mixed third-order structure function, defined as
2 ͘ where ⌬ r u is a longitudinal velocity increment in space, has a more fundamental role in similarity scaling. In particular, an exact result for intermediate r in the inertial-convective range was given by Yaglom, 20 as
͑Note that this relation was originally given by Yaglom with half the present scalar dissipation rate, and so the coefficient was 4/3 instead of the present 2/3.͒ In the limit of small r it is reasonable to use Taylor's series to write the approximation
where S u is the mixed gradient skewness defined by ͑see also Kerr
Local isotropy relations for both the velocity and scalar fields further lead to
and, finally, in normalized form
. ͑12͒ Figure 4 shows DNS results for the mixed structure function, in normalized forms suggested by Eqs. ͑8͒ and ͑12͒. As for the second-order structure function, we have taken an average over three coordinate components. With S u taken to be of order Ϫ0.5 ͑see Table II͒ , the behavior at small r indeed follows Eq. ͑12͒ for all Reynolds and Schmidt numbers in the data. Because of moderate Reynolds number in DNS, Eq. ͑8͒ is not attained exactly but nevertheless there is a sustained trend towards a plateau of height 2/3 ͑centered around r/ B Ϸ30 at R Ϸ240 and Scϭ1). For larger values of r the curves also become more widely spaced as the range of scales becomes wider with increasing R and Sc. A rapid drop in the curves occurs in the limit of large r/ B as ͗⌬ r u(⌬ r ) 2 ͘ itself approaches zero.
Some additional comments on the conditions of validity for Yaglom's relation ͓Eq. ͑8͔͒ are appropriate. If the scalar field is stationary and isotropic, this relationship can be derived from the structure function equation
͗͘r,
͑13͒
provided that the diffusive term on the left-hand side ͑LHS͒ can be neglected in the inertial-convective range. Recently Orlandi and Antonia 42 studied the balance of terms in the structure function equation for decaying scalar fields. In agreement with their results, we find that the diffusive term is indeed small at intermediate scale ranges. Since the scalar fields studied by Orlandi and Antonia were decaying in time, they had to take account of nonstationarity in the balance of terms explicitly. However, in our simulations nonstationary contributions vanish when averaged over a sufficiently long period of time. One is then led to conclude that deviations from Eqs. ͑8͒ and ͑13͒ must be mainly caused by departures from local isotropy in the relevant scale range. Significant anisotropy is indeed seen in Fig. 5 , which shows a comparison between normalized structure functions taken in different directions, for the case of R Ϸ240 with Scϭ1. In particular, the structure function is systematically larger when r is taken parallel to the mean gradient direction. Since structure functions in experiments are usually measured in only one direction, this result suggests a need for caution in inferences on Yaglom's relation. 
B. Weakly diffusive scalars
For Scӷ1 Batchelor's result 7 for the scalar spectrum is
where the nondimensional coefficient q was presumed to be universal. Batchelor's theory was based on the assumption of persistent straining of the scalar field by small scale motions of characteristic time ϭ(v/͗⑀͘)
. Later Kraichnan 8 proposed a treatment that accounted for fluctuations of the strain rate and arrived at the form
The main difference between the two expressions is in the viscous-diffusive range, k B Ͼ1. In the viscous-convective range 1/ӶkӶ1/ B both expressions give 
which is commonly referred to as k Ϫ1 scaling. A substantial scale separation between and B is required to observe this feature, but not necessarily a high Reynolds number. The value of q is generally estimated by either measurements or closure theories, but without universal agreement. For example, Batchelor 7 took qϭ2, whereas Qian 43 suggested q ϭ2ͱ5, which was used for comparisons with DNS by Bogucki et al. 27 Figures 6͑a͒ and 6͑b͒ show both un-normalized and normalized versions of the spectrum of different scalars at fixed R Ϸ38, with Sc varying between 1/4 and 64. The normalization used is the same as that in Fig. 1 . Straight lines of appropriate slope are drawn to make comparisons with k Ϫ1 asymptotic scaling. It appears that the Ϫ1 region becomes increasingly well-defined with increasing Sc, and that the spectrum is progressively spreading out towards wavenum- bers higher than 1/. As in Fig. 1 , the spectra at low wavenumbers are nearly independent of Sc. Figure 7 shows the spectrum normalized by Batchelor variables ͑as a function of k B ) and compared with the expressions of Batchelor and Kraichnan. The data suggest the presence of k Ϫ1 scaling for k B Ͻ0.1. Kraichnan's form is more accurate in the viscous-diffusive range, for which good agreement is found even for Scϭ1. To infer the value of q needed for the best fit, we have also plotted the quantity kE (k)(͗⑀͘/v) 1/2 /͗͘ versus k B ͑shown in the inset͒, such that q would be the height of a plateau at k B Ӷ1. It appears that the value of q required for an optimum fit increases with Sc somewhat, being about 3.5 for Scϭ1 but 5.5 for Sc ϭ64.
As in the study of the Obukhov-Corrsin scaling ͑Sec. III A͒, to facilitate comparison with experiment we also plot the one-dimensional form of the spectrum scaled by Batchelor variables. This is shown in Fig. 8 , with an inset using log-linear axes. One-dimensional versions of Batchelor's and Kraichnan's spectral forms are obtained by applying the spectral relationship
to Eqs. ͑14͒ and ͑15͒. The use of a linear axis for the normalized spectrum gives a more stringent test for k Ϫ1 scaling.
Subject to some statistical deviation from isotropy in the lowest two wavenumber shells, the data support a k Ϫ1 scaling range, with a value of q that increases with Schmidt number ͑as already mentioned͒. The effects of Schmidt number on the scaling of secondorder structure functions for ScϾ1 are shown in Fig. 9 . For small r the Taylor-series result ͓Eq. ͑6͔͒ in terms of Obukhov-Corrsin variables is seen to continue to hold, even for Scӷ1. Whereas an increase of Reynolds number has been seen ͑in Fig. 3͒ to promote the tendency for a plateau in the normalized structure function, an increase of Schmidt number apparently has no such effect. In the limit of larger r the data conform to Eq. ͑7͒ which is valid for all Schmidt numbers. Since the scaling used in Fig. 9 is chosen to produce a universal ''collapse'' at small scales, the ''fanningout'' of curves with increasing Sc also reflects the existence of a wider range of scales in the scalar field at higher Sc.
Corresponding results for the mixed third-order structure function are shown in Fig. 10 . It is interesting to note that, although Yaglom's relation ͓Eq. ͑8͔͒ is traditionally associated with the inertial-convective range for Scр1 at high Reynolds number, the arguments leading to it are also increasingly valid at high Sc. Indeed it can be seen that our results at high Sc appear to approach the limit of Yaglom's relation for r in the intermediate range. 
IV. LOCAL ISOTROPY: SCHMIDT NUMBER EFFECTS
Many indicators of varying degrees of sensitivity can be used as tests of local isotropy. For example, in Sec. III, we have discussed isotropy relations between spectra in one and three dimensions, and noted that structure functions show some differences depending on the direction of the spatial separation. Here, we focus mainly on statistics of scalar gradients in directions parallel (ٌ ʈ ) and perpendicular (ٌ Ќ ) to the mean gradient, including their relationships with velocity gradient fluctuations.
Because of reflectional symmetry in the plane perpendicular to the mean gradient, all odd-order moments of ٌ Ќ are expected to be zero. Furthermore, local isotropy requires odd-order moments of ٌ ʈ to vanish, and even-order moments of ٌ ʈ and ٌ Ќ to be equal. Figure 11 presents second, third and fourth order moments of ٌ ʈ and ٌ Ќ , for Schmidt numbers 1/4 to 64 at R Ϸ38. The ratio of variances is close to unity, but this is not a sensitive indicator of local isotropy. More interesting is the behavior of the skewness of ٌ ʈ , which is nearly constant between Scϭ1/4 and about 4 but decreases steadily ͑perhaps as a power law͒ for higher Sc. A weaker trend of decrease at high Peclet number may also be present in results by Holzer and Siggia ͑Ref. 15; their Table III͒ based on two-dimensional synthetic velocity fields. The apparent trend of decreasing skewness at high Schmidt number is, however, just one facet of the deeper question of whether local isotropy would be recovered in the limit of infinite Schmidt number. In any case, the trend of decreasing skewness at high Schmidt number suggests that local isotropy becomes a better approximation. The positive skewness itself is usually 15, 22, 44 thought to be due to the occurrence of ramp-cliff structures of preferred orientation induced by the mean gradient. If so, a reduction of skewness may be the result of the orientation of these structures in space becoming more randomized. The effects of high Schmidt number on these structures have yet to be investigated in detail though a beginning has been made. 45 We wish to emphasize that the observed values of the skewness of ٌ ʈ do not decrease with increasing Reynolds number. On the other hand, the flatness factors show increasing closeness between ٌ ʈ and ٌ Ќ at the highest Schmidt numbers. For a more complete picture we also study higherorder moments. Normalized third, fifth, and seventh moments ( 3 , 5 , 7 ) of ٌ ʈ , shown in Fig. 12 , seem to decrease with Sc for large Sc. ͑The situation for moments of yet higher orders is unclear because they are subject to large uncertainties in statistical sampling.͒ The rates of decrease depend on the order of the moment. It is clear that, if the seventh order moment is to ultimately reach the isotropic value of zero, the Schmidt number would have to be extremely high.
A positive skewness for ٌ ʈ as seen in Figs. 11 and 12 ͑and Table II͒ means that large positive fluctuations are more likely than negative ones. The probability density function ͑PDF͒ of ٌ ʈ in normalized form is shown in Fig. 13 . The PDF becomes more nearly symmetric at higher Sc, which is consistent with the reduction in skewness noted above. Schmidt number effects appear to be primarily felt via increased probabilities for large negative fluctuations. The increasing ''width'' of the PDF at high Schmidt number also indicates increased non-Gaussianity and intermittency. The form of the PDF is apparently close to exponential in the range between 5 and 15 standard deviations. However, because of sampling limitations, the situation at the extreme tails is uncertain.
Statistical relationships between fluctuations of velocity and scalar gradients, expressed as ''mixed'' derivative mo- ments, are also relevant tests of isotropy. Similar to the mixed gradient skewness S u ͓Eq. ͑10͔͒, the mixed gradient flatness is defined by
Similar quantities S v , S w and F v , F w defined in the other ͑y and z͒ coordinate directions are also calculated. Numerical values listed in Table II show that the mixed skewness and flatness are generally larger in the direction of the mean scalar gradient. The contrast among different coordinate directions is strongest for low Schmidt number, but becomes less so at higher Reynolds number and/or Schmidt number. If gradients of velocity and scalar were statistically independent, the mixed skewness would be zero, and the mixed flatness would be unity. However, our data do not show a clear trend towards these asymptotic states.
In addition to single-point statistics presented above, it is useful to consider the degree of local isotropy as a function of scale size. In Fig. 14 we do this by showing the skewness structure function
which is the skewness of the increment ⌬ ʈ (r). Similar to measurements in grid turbulence with transverse temperature gradient, 10 this function is found to be non-negative for all scale sizes r. Furthermore, contrary to local isotropy, this skewness becomes larger as r becomes smaller. For r of order B or less, different curves are seen to approach plateaus of different heights, corresponding to the skewness of ٌ ʈ ͑see Table III͒. All curves approach zero for large r, because ⌬ ʈ (r) would then become a difference between two independent random variables. For high Sc ͑e.g., curve H for Scϭ64), there is a hint of an intermediate scaling range around 40 B , where the skewness becomes nearly independent of r. This observation suggests the emergence of an inertial-convective range where a small deviation from local isotropy exists at the level of the third-order moment.
V. INTERMITTENCY: EFFECTS FOR HIGH SCHMIDT NUMBERS
The small-scale intermittency of the passive scalar field is usually expressed in terms of the statistical properties and spatial structure of scalar gradients and the dissipation rate. Our prime concern here is how these characteristics depend on the Schmidt number, with observations of Reynolds number dependence also providing a useful contrast. Table III also presents several moments of the scalar dissipation rate, and of its logarithm. 46 Because is a nonnegative random variable, both its skewness and flatness factor are indicators of the occurrence of intense fluctuations that are large compared to the mean. In addition, the ratio /͗͘ ͑where is the standard deviation͒ as well as the variance of ln provide information on intermittency characteristics. 1, 2 From Table III it is clear that, for a fixed Schmidt number, intermittency increases with Reynolds number. To interpret Schmidt number effects we note first that, for Scϭ16, all measures of intermittency are consistently stronger in the 512 3 simulations compared to 256 3 , suggesting that intermittency may be underestimated if the grid resolution is not sufficiently refined. That is, it is not unlikely that the intermittency at Scϭ64 ͑as well as at Scϭ1 for R Ϸ140 and 240͒ is somewhat stronger than suggested in Table  III . The flatness of the scalar dissipation, which is highly intermittent, is also subject to substantial statistical uncertainty. However, it is worth noting that, although the ensemble-averaged moments individually depend on Sc, a scatter plot of the flatness versus skewness ͑with one data point for each realization͒ is essentially universal independent of Sc ͑see Fig. 15͒ . In other words, despite the substantial variability expected for higher-order moments, all realizations obey a systematic trend, which for R Ϸ38 in Fig. 15 is represented as a power-law variation with exponent approximately 2.4. ͑This exponent appears to be about the same at higher R .) Some general conclusions on the Schmidt number dependence can be drawn. It has been seen in Table III and Fig.  11͑c͒ that the flatness factor of scalar gradients increases with Sc for low values of Sc, but varies little at higher Sc. Overall, it can be said that, consistent with other works in the literature, 24, 47 all measures of intermittency for scalar dissipation at Scϭ1 are more pronounced than for energy dissipation. In addition, it seems clear that the flatness of ٌ ʈ stops increasing at ScϷ4, followed by ٌ Ќ beyond Sc Ϸ16. This saturation of the flatness data suggests that some asymptotic state is reached as Sc→ϱ. Data on the skewness of ln indicates that becomes closer to lognormal as Sc increases. Although departures from lognormality may still be present in higher-order moments of ln ͑e.g., the normalized fifth-order moment is of the order Ϫ2.0͒, it appears that an approach to lognormality is plausible. ͑On the other hand, theories 48 based on rapidly varying Gaussian velocity fields suggest that has a stretched-exponential PDF in the limit of very high Schmidt number.͒ Next, it is useful to consider intermittency as a function of scale size. Figures 16͑a͒ and 16͑b͒ show the flatness structure functions for the quantities ⌬ ʈ (r) and ⌬ Ќ (r) with separation distance taken in the parallel and perpendicular directions, respectively. It can be seen that although the increasing trend ceases to hold for small scales when ScϾ4, it does persist for intermediate scale sizes. This is especially true in the parallel direction. At lower Schmidt numbers ⌬ ʈ (r) is more intermittent than ⌬ Ќ (r), but this difference ͑which is an indication of anisotropy at scale size r͒ appears to vanish in the Scӷ1 limit.
A central feature of intermittency is the manner in which appropriate statistical properties depend on the averaging scale size. This effect is partly apparent in the previous figure but a more direct, and conventional, test is to measure the so-called intermittency exponent in
where, with local isotropy as at least a first approximation, dependence on the separation vector r is assumed to be through its magnitude r only. A brief summary of similar quantities for the energy dissipation rate was given by Sreenivasan and Kailasnath. 49 For scalars at high Schmidt number we are interested in this equation for scale size r varying nominally between B and . In previous measurements 12 where the Batchelor scale was resolved in a low Reynolds number jet, was found to be very close to zero. The Schmidt number for the dye used in the jet experiment was of the order 10 3 . Here in the DNS data we can extract at different Schmidt numbers and determine the Sc dependence. Figure 17 shows a log-log plot of ͗(x)(xϩr)͘ as a function of r and normalized by the mean-square of dissipation fluctuations, ͗ 2 ͘. To understand the general shape of the curve shown, we note that the twopoint correlator ͗(x)(xϩr)͘ approaches its maximum value of ͗ 2 ͘ at small r, and its minimum value of ͗ 2 ͘ at large r. As expected, the scaling expressed in Eq. ͑20͒ is not readily apparent for small Sc, but if we insist on power laws, the estimated values of as a function of Sc are as shown in the inset. The trend for this intermittency exponent ͑in the viscous-diffusive range͒ to decrease with Sc seems clear and its eventual decrease to zero as Sc→ϱ seems plausible. Indeed most of the variation occurs for ScϽ4, which is consistent with the discussion above.
VI. CONCLUSIONS
We have studied the dynamics of turbulent scalar transport in direct numerical simulations by solving the advection-diffusion equation ͓Eq. ͑1͔͒ in the presence of a uniform mean scalar gradient. The background turbulence is statistically stationary, homogeneous and isotropic. The Schmidt number varies between 1/4 and 64 for a fixed value of the Taylor microscale Reynolds number at R Ϸ38. The restriction to low R is necessary to ensure adequate resolution of the scalar field. To provide further checks, some calculations are repeated for grid resolutions of 256 3 and 512 3 . In addition, results for Scр1 are obtained from simulations at R Ϸ140 and 240. Together we have obtained a data base that allows us to learn about trends with respect to Sc-this being the main purpose of the paper. We have paid particular attention to Sc effects on the scalar spectra, structure functions, plus various quantities that characterize local isotropy and intermittency.
For moderate Sc, the spectra at the highest Reynolds numbers show a modest scaling in the inertial-convective region. The Obukhov-Corrsin constant is about 0.4 in onedimensional spectra and 0.67 in three dimensions. The former is comparable to that in experiments. 9 The behaviors of scalar structure functions and mixed velocity-scalar structure functions are consistent with the existing theoretical framework provided that averages are taken over all three coordinate directions. There are conspicuous differences between statistics in directions parallel and perpendicular to the mean scalar gradient. There is no clear tendency for these differences to diminish with the Reynolds number, within the range considered here.
The Sc dependence in the weakly diffusive case (Sc ӷ1) is studied by using high grid resolution while holding the Reynolds number fixed. The spectra develop a Ϫ1 slope in the viscous-convective region consistent with Batchelor's theory. In the viscous-diffusive region, the spectral shape agrees better with the Kraichnan's form, which takes into account the intermittency of strain-rate fluctuations. However, there is one free parameter ͑q͒ in the spectral form. Best fits to the data show that this parameter depends weakly on Sc, but it is not clear if this dependence would persist at much higher Schmidt numbers. It is interesting that, even for Scӷ1, second-order structure functions obey the ObukhovCorrsin scaling meant for Sc of the order unity. Furthermore, perhaps surprisingly, the form of Yaglom's equation for the mixed structure functions appears to be valid in the convective region even for Scӷ1.
An issue that has received considerable attention is the small-scale anisotropy of the scalar. A conclusion of the present work is that the usual measures of anisotropy diminish with increasing Sc. This suggests that a proper limit for local isotropy to work is R →ϱ and Scӷ1. A numerical value of Scϭ4 seems to be large enough to begin to see the decline of anisotropy in several parameters. This is true also for most measures of intermittency based on scalar gradient and dissipation fluctuations. However, this particular value of Sc will most likely depend on the Reynolds number of the flow, and thus should not be assumed to be universal. The intermittency exponent for the scalar dissipation in the viscous-diffusive range appears to decrease ͑in magnitude͒ with Sc, and tends towards zero for very large Sc characteristic of dyes mixed by liquid turbulence.
It would be desirable to repeat these calculations for higher R covering either the same range of Sc or larger. Although this range can be improved a bit by pushing the limit of modern computing power, it is unlikely that such an extension would be very substantial at this time. The increasing power of computers will make the problem worth revisiting in a few years' time. Useful information may also come from highly-resolved laboratory measurements.
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